The plots of variation of eigenvalues of vibrating structures with a system parameter often cross each other or abruptly veer away avoiding the crossing. The phenomenon is termed as curve veering and has been observed both in approximate solutions as well as in exact solutions associated with vibration of some vibrating systems. An explanation to such behavior is provided and illustrated by solving a simple example. The curve veering behavior is induced into a membrane by introducing a parameter that can change the mathematical model from an exact form to an approximate one. Approximate deflection functions such as those used in Galerkin's method or the Rayleigh Ritz method invariably create an approximate or a ficticious system model in lieu of the actual system. The ficticious system may exhibit curve veering while the corresponding real system has no such behaviour. When the ficticious nature of the system is minimized by using large number of terms in the approximate techniques or by discretisation of the domain as in finite difference or by assuming spline type deflection functions, the curve veering behavior subsides and in some cases almost vanishes.
Introduction
Curve veering behaviour has been observed in vibrating rectangular plates when natural frequencies were plotted against the side ratio by Warburton as early as 1954 [1] . When the variation of the structural eigenvalues were plotted against a system parameter, Claassen and Thorne [2] observed the phenomenon in 1962. A large number of references have either reported this behaviour [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] , or in some cases reported results without specifically referring to, but contained the curve veering behaviour [15] [16] [17] [18] [19] [20] . The phenomenon has been attributed to the approximate methods used in solving the eigenvalue problem. However, a study on a rotating string with a spring support, reported by Schajer [13] , showed the curve veering behaviour when analyzed by the Rayleigh Ritz method as well as by exact analytical solutions as reported by Perkins and Mote [14] . The curve veering phenomenon is evident in the studies reported on rotating disks and plates [15] [16] [17] [18] and in the exact analysis of clamped beams on intermediate elastic supports [19, 20] even though these authors did not allude to this behavior in their discussions. The phenomenon has been haunting researchers not only in the area of vibrations of regular systems but also in the vibrations of disordered systems [21] , and in several other areas such as molecular physics [22] .
In the vibration of square membranes or plates, the symmetry of the structures suggest that the natural frequencies corresponding to m,n modes must be identical to n,m modes, since m,n modes are same as n,m modes when the structure is rotated by 90
• about its transverse axis through the center. In rectangular membranes or plates with all edges simply supported, where exact solutions are available, the variation of natural frequencies corresponding to m,n modes will intersect those corresponding to n,m modes when the aspect ratio is one, showing that ω mn is identically equal to ω nm .
Leissa [8] reported on a curve veering aberration when natural frequencies were obtained using an approximate method. When exact natural frequencies λ intersected at (a/b) = 1. However, when a three term solution was worked out using Galerkin's method these curves corresponding to the approximate eigenvalues never intersected. The line corresponding to λ 2 13 strangely veered away from when they reached (a/b) = 1. At (a/b) = 1, these two natural frequencies stayed distinct and for (a/b) > 1, the line corresponding to λ 2 13 became that for λ 2 31 and vice versa. However, when the problem was solved using finite difference methods, the curve veering behaviour disappeared. 
Transition between exact and ficticious modes of vibrating membranes
In order to understand the behaviour of the results in the approximate methods, it is quite instructive to study the changes in the behaviour when the system model is changed from an exact system to an approximate or a ficticious system. It should be noted at this point that the approximate methods provide approximate solution to the exact system, while the same approximate solution happens to be the exact solution to the approximate system model or the ficticious model.
Consider a rectangular membrane of size 2a, 2b, and density per unit area of ρ, and subjected to a uniform tension T . The equation of motion is given by
Assuming free harmonic vibrations, the motion can be expressed as
Substituting equation (2) into (1) and denoting ξ = (x/a) and η = (y/b), where x and y are actual coordinates, we get
where λ = ωa ρ/T . Substituting the zero deflection conditions at the boundaries at ξ = 0, 2 and η = 0, 2, the natural frequencies are obtained as
and the natural modes are given by
Consider only 3 terms corresponding to λ and the normal modes corresponding to these three frequencies are given by
The three natural frequencies are obtained as λ 2 , using equation (4), is shown in Fig. 1 , meeting at (a/b) = 1 and then moving away from each other.
Let us introduce a parameter and rename the three natural modes as
where f 1 (ξ, η) and f 2 (ξ, η) are simple expressions in ξ and η satisfying the boundary conditions and constructed so as to resemble the functions φ 13 (ξ, η) and φ 31 (ξ, η), given by
It can easily be verified that (2ξ − ξ 4 ) resembles the half sine wave and
resembles the three half sine waves. When ε > 0, the system described by φ * 11 , φ * 13 and φ * 31 is ficticious and not the exact membrane system any more.
Analyzing for the natural frequencies using the Rayleigh-Ritz method for ε = 1000, and plotting against (a/b) 2 , we get Fig. 2 . We see that λ
when (a/b) 2 = 1. Using the terminology of [1] the curves "veer away". These approximate natural frequencies are actually "exact natural frequencies of the approximate or the ficticious sytem which approximates the actual membrane system".
The expressions f 1 (ξ, η) and f 2 (ξ, η) resemble very closely the 1, 3 and the 3, 1 modes defined exactly by φ 13 (ξ, η) and φ 31 (ξ, η), respectively. This is the reason for the curve in Fig. 2 coming very close to each other at a b 2 = 1. This is a case of weak curve veering. However, if f 1 (ξ, η) and f 2 (ξ, η) are replaced by g 1 (ξ, η) and g 2 (ξ, η) given by
it is clear that they do not resemble the 1, 3 and the 3, 1 modes, even though they satisfy the boundary conditions. Hence even for smaller values of ε compared to the previous case, curve veering is strong. This is shown in Fig. 3 for ε = 10. 
Simply supported beam with intermediate spring support
A simply supported beam with an intermediate spring support is shown in Fig. 4 . The eigenvalues of this structure are investigated using the Rayleigh Ritz method. The deflection functions are assumed to be
where ξ = x/L, and x is the actual physical coordinate.
The maximum kinetic and potential energies are given by
where α = a/L. Expressing λ However, when α = 0.475, the first and second eigenvalue plots veer away. Even though an approximate method is employed in this example, it exhibits crossing when the spring is attached at the point of symmetry and exhibits veering when the spring is asymmetrically placed. When the spring is exactly in the middle, the second function sin 2πx is exactly sinusoidal and is orthogonal to the first function sin πx. In order to show the effect of the ficticious system, the Rayleigh Ritz method was used with
as the assumed deflection function. Again when the first and second natural frequencies are plotted against the spring parameter β the curves crossed when α = 0.5 and veered away when α = 0.475 as shown in Figs. 7 and 8. Frequency analysis of clamped-clamped uniform beams with intermediate elastic supports was carried out by Rao [18] where the curve veering behavior is present, even though it is not obviously seen because of the way in which the results are presented. Moreover, unlike in the case of simply supported beams on intermediate spring support, the curves corresponding to the first and second natural frequencies will cross at β = ∞. Frequency analysis of a two span uniform Bernoulli-Euler beams were carried out by Rao [19] where again the curve veering behaviour is present.
Plates with clamped edges
Natural frequencies of a plate with all edges clamped are given in Table 1 , obtained by several methods. The boundary characteristic plate function (BCPF) method reported by Bhat and Mundkur [23] , uses an assumed deflection function along one direction to reduce the partial differential equation into an ordinary differential equation through Galerkin reduction and solving the resulting ordinary differential equation exactly to obtain the characteristic values and the corresponding plate functions. Such BCPF are assumed as deflection functions in the Rayleigh Ritz method to compute the natural frequencies of the clamped plate and are also given in Table 1 under BCPFRR [26] . It can be seen that when the plate aspect ratio is one, the BCPF method gives identical frequencies for the m,n modes and n,m modes, as to be expected in view of the identical deflection functions used on either side to reduce the plate partial differential equation into an ordinary differential equation which is solved exactly. However, the BCPFRR method does not give the identical values even when the more refined BCPF are used as assumed deflection functions in the Rayleigh Ritz method. However, due to the symmetry it is reasonable to expect that the m,n modes and the n,m modes should have identical frequencies. Hence the accuracy of the results obtained by the Rayleigh Ritz method may be suspicious. The above conclusion is quite far reaching because, the finite element method and the Galerkin method are also energy based methods and it is necessary to carry out further investigations to establish whether they are able to provide identical results when identical results are expected.
It was reported by Leissa [8] that when finite difference method was used to solve for the natural frequencies of the rectangular membrane, the m,n and n,m modes produced identical natural frequencies. In order to investigate the effect of similar discretisation methods, the present study used cubic splines in the Rayleigh-Ritz method [28] to solve for the natural frequencies of rectangular membranes. A total of 10 splines on either directions were used. The natural frequencies are presented in Table 2 . It shows that the m,n and n,m frequencies are identical, correct to the 11 digit accuracy as shown.
The spline Rayleigh-Ritz method was used to obtain the natural frequencies of square plates with all edges simply supported and clamped. For the simply supported square plates the m, n and n, m natural frequencies presented in Table 3 are identical for small m and n. For larger values of m and n, identical natural frequencies can be obtained by increasing the number of splines.
Natural frequencies of a square plate with all edges clamped obtained by using the spline Rayleigh Ritz method are also presented in Table 1 and are denoted SPRR. It is seen that in this case some symmetrical modes do not give identical natural frequencies. This may be because the 10 splines used were not enough to represent the natural modes with good accuracy. 
Discussion
Necessarily the m, n and the n, m frequencies are identical when the plate is square and has identical boundary conditions all around. However, the limited number of higher order polynomials are not able to recreate mode shapes which are orthogonal to each other but at the same time give identical natural frequencies. It is logical to assume that the Rayleigh-Ritz method gives upper bounds. Hence if ω mn = ω nm , then the smaller of values should be the closest approximations for ω mn as well as ω nm . However, the corresponding mode shapes cannot be constructed using the available deflection functions and the eigenvalues, obtained through the Rayleigh-Ritz method.
Hence even though ideally the Rayleigh Ritz method should give accurate natural frequencies and normal mode shapes, when very large number of assumed deflection shapes are taken, implementation with truncated number of terms may not give exact values, and if many terms involving higher order polynomials are used, the numerical accuracy of the results may be poor. Hence discretized domains involving lower order polynomials as in spline Rayleigh-Ritz method may be better when large number of natural frequencies and normal modes are needed. When coupling is introduced by external means such as a spring element, the existing normal modes are coupled resulting in altered normal modes. Identical eigenfrequencies in the original system may split in this case and the plots may veer away. Further, when approximate methods are used, the resulting normal modes do not represent the original system. The original normal modes are altered with some coupling to give the approximate normal modes. The corresponding approximate eigenfrequency plots veer away, because the identical eigenfrequencies of the original system are split in the approximate or the ficticious system.
Conclusions
On the basis of the above results it can be concluded that 1. Curve veering behaviour can be present in some vibrating systems when the system behaviour is plotted against a system parameter, whether analyzed by an approximate method or by an exact method. 2. In some systems the exact eigenvalues when plotted against a system parameter will cross each other. 
